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Module II: Elastic properties of materials

Elasticity: Concept of elasticity, plasticity, stress, strain, tensile
stress, shear stress, compressive stress, strain hardening and strain
softening, failure (fracture/fatigue), Hooke’s law, different elastic moduli:
Poisson’s ratio, Expression for Young’s modulus (Y), Bulk modulus (K)
and Rigidity modulus (n) in terms of α and β. Relation between Y, n and
K, Limits of Poisson’s ratio.

Bending of beams: Neutral surface and neutral plane, Derivation of
expression for bending moment. Bending moment of a beam with circular
and rectangular cross section. Single cantilever, derivation of expression
for young’s’ modulus

Torsion of cylinder: Expression for couple per unit twist of a solid
cylinder (Derivation), Torsional pendulum-Expression for period of
oscillation.
Numerical problems



Mechanical Strength of every objects around us is related to its elastic property

Study of elastic properties of various materials and search for new materials is
essential for the better development of various engineering and scientific fields
which includes Mechanical, Civil, Electronics, Aeronautical, Aerospace and etc.
One of the most fundamental question that an engineer has to know is how a
material behaves under stress, and when does it break. Ultimately, it is the answer to
those two questions which would steer the development of new materials and
determine their survival in various environmental and physical conditions.
Elasticity is an elegant and fascinating subject that deals with determination of the
stress, strain and displacement distribution in an elastic solid under the influences of

Why to study Elasticity 

stress, strain and displacement distribution in an elastic solid under the influences of
external forces.

Civil engineering applications include stress and deflection analysis of structures
like rods, beams, plates, shells, soil, rock, concrete etc. Mechanical engineering uses
elasticity in numerous problems thermal stress analysis, fracture
mechanics, fatigue, design of machine elements.

Materials engineering uses elasticity to determine the stress fields of crystalline
solids, dislocations, micro structures.
Applications in Aeronatutical engineering include stress, fracture, fatigue analysis
in aero structures.



Introduction
Elasticity: Property by virtue of which materials regain their original shape 
and size after the removal of deforming forces.
The elastic limit of a substance is defined as the maximum stress that can 
be applied to the substance before it becomes permanently deformed and 
does not return to its initial length.

Plasticity: The property of materials which undergo deformation under 
stress and do not regain their original dimension.

Stress: Restoring force per unit area 
Strain: The ratio of change in dimension (∆L) of a body to the original Strain: The ratio of change in dimension (∆L) of a body to the original 
dimension (D) is called strain. 
Strain has no units or dimensions.      Strain = ∆L/ L

Types of stresses and strains
Normal stress: If a force is applied normal to the cross section of the
body, then the restoring force developed per unit area is called normal or
longitudinal stress.

Longitudinal stress may be of two types i.e. tensile stress and compressive
stress i.e.
it can cause either extension through its length (tensile stress)
It cause extension uniformly pressure acting all over the body (compressive
stress).





Linear strain (Tensile Strain or longitudinal) : It is the ratio of change in length to 

original length.

Longitudinal  strain Coefficient (α) : the linear strain produced per unit stress 

Lateral strain – if a deforming force, acting on a wire assumed to be having a circular 

cross section, produce a change d in its diameter when the original diameter is D, then  

Lateral strain Coefficient (β) : the lateral strain produced per unit 

stress 

Shear Strain (Shearing angle) : It is measure of the ratio of change 

in dimensions to original dimensions.  



Hooke’s Law: It states that Stress is directly proportional to strain within the elastic limit
i.e. stress α strain or
stress/ strain = constant, is called the modulus of elasticity or elastic constant.

Classification of Elastic Moduli :

Young’s Modulus (Y) of Elasticity 

Longitudinal stress or tensile stress is applied along the length and hence causes change in 
length. 
Linear strain is the ratio of change in length to original length.

Bulk Modulus of Elasticity 

Application of normal (compressive) stress causes change in volume. Volume strain is the 
ratio of change in volume to original volume. 

Rigidity Modulus of Elasticity (n)

The rigidity modulus is defined as the ratio of the tangential stress to the shearing Strain.



Hook’s Law: Stress-Strain Curve

 Stress is proportional to strain at smaller magnitudes. 
 As the stress is increased to large magnitudes strain increases more rapidly 

and the linear relationship between stress and strain ceases to hold. This is 
referred as elastic limit (A). 

 After the yielding point (B), the strain randomly increases. This may lead to 
strain softening in some materials. 

 C on wards the material attains permanent status (Plastic) and is known as 
strain hardening region. 

 After D, the material breaks. 



Factors affecting Elasticity
Material Body generally can be single crystalline or polycrystalline and correspondingly
behave elastically different.
Single crystals when subjected to deformation show a remarkable increase in their
hardness

Effect of annealing
Annealing (heating and cooling gradually) favors grain growth in a particular
crystallographic direction results in large grains or less grain boundaries in the
body, generally result in a decrease in their elastic properties or an increase in the
softness (plasticity) of the material. Metals with smaller grains are stronger than those
with larger grains.with larger grains.

Effect of Impurities:

Suitable impurities deliberately added can alter elastic properties of metals as they settle
between the grains and brings connectivity between two grains.
Increase or decrease in elastic properties depends on the elastic or plastic property of
the impurity added respectively. Carbon is added to molten iron to increase the
elasticity of iron.

Effect of temperature:

Increase in temperature generally decreases the elastic property.





POISSON RATIO (σ)
The ratio of lateral strain to the longitudinal strain is constant.

There are no units for Poisson’s ratio. It is a pure number and hence a dimensionless 
quantity. 
Let us consider the ratio β/α

Thus it is taken as, 



Relation between shearing strain, elongation strain &Compression strain
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Consider a cube whose lower surface is fixed to 
a rigid support. Let APSD be one of the one of 
its faces with the side DS along the fixed 
support. When deforming force is applied to its 
upper face along AP., it cause relative 
displacement at different parts of the cube. So 
that A moves to A’, and P moves to P’. Let θ be 
the angle of shear.
If PX is drawn perpendicular to P’D and A’Y to 
AS, then  DP=DX and A’S=YS. So 

F

If L is the length of each side of the cube , then

(1)

(2)

(3)

In the isosceles right angled triangle APD, APD= 45˚, 

(4)



Similarly,  Compression strain observed along AS and it is given by 

(5)

Adding Equs (5) and (6) 
Elongation Strain + Compression Strain 

Substituting from Equs (3) and (4), Eq(1) becomes,

θ= PP’/L, PP’= θL

Elongation Strain + Compression Strain 

Where, θ will be the shearing angle.

So the relation between Elongation Strain + Compression Strain = Shearing angle



Relation between Young's modulus (Y), Rigidity modulus (n) and 
Poisson Ratio (σ)
Consider a cube whose lower surface is fixed to 
a rigid support. Let APSD be one of the one of 
its faces with the side DS along the fixed 
support. When deforming force is applied to its 
upper face along AP., it cause relative 
displacement at different parts of the cube. So 
that A moves to A’, and P moves to P’. D
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If PX is drawn perpendicular to P’D and A’Y to 
AS, then  DP=DX and A’S=YS. If α and β are the 
longitudinal and lateral strain coefficientslongitudinal and lateral strain coefficients
produced along DP per unit stress which is 
applied along the AP, then T is the applied 
stress,

Extension produced for the length DP due to 
tensile stress is given by =T.DP.α and 
extension produced DP due to compression 
stress = T.DP.β

Total tension Extension along DP is =DP.T.(α+β) 



Total extension along  DP is approximately equal to P’X.

We have 

Rearranging,

Inverting,



Substituting the values then 

And by young’s Modulus (Y)is given by



Relation between Young's modulus (Y), Bulk modulus (K) and 
Poisson Ratio (σ)

Consider a unit cube (OX  = OY =OZ = 1 ) The initial volume of the 
unit cube = V = 1                                                                                 
Let the cube be subjected to tensile stresses Tx ,  TY ,  TZ along the  
X,Y and Z axes.  
Each of these stresses is tensile along the direction  in which  it is 
applied and compressive in directions perpendicular to it. 
TX produces extension of the side OX and TY and TZ produce 
compression of OY and OZ. 

Let α represents the linear strain per unit stress and β is the Let α represents the linear strain per unit stress and β is the 
lateral strain per unit stress.
Due to these stresses the dimensions of OX, OY and OZ are 
altered and can be written as



Since α and β are very small, the terms which contain either powers of α and β, or their product 
can be neglected. 

Since the cube under consideration is of unit volume, increase in volume 

young’s Modulus (Y)is given by



Relation between Young's modulus (Y), Bulk modulus (K) and 
Rigidity modulus (n) 

We have Relation between Young's modulus (Y), Rigidity modulus (n) 
and Poisson Ratio (σ)

And we have Relation between Young's modulus (Y), Bulk modulus (K) 
and Poisson Ratio (σ)

(1)

Rearranging, (2)

Adding the equation (1) and (2), then we have, 



Consider a cylinder of length ‘L’ and radius ‘R’. Let the cylinder be
clamped at the upper end and a twisting couple be applied at the
lower end . Let θ be the angle of twist.
The cylinder can be considered as made up of a number of co-axial
hollow cylinders of varying radii (0 to R) . At the bottom end, each of
these radii are twisted through an angle, θ due to the applied
external couple. As a result, OB is displaced to OB’ and OP is

Torsion of a Cylinder

Torsion: A long body which is twisted around its length as an axis 
said to be under torsion.

external couple. As a result, OB is displaced to OB’ and OP is
displaced to OP’ without change in dimensions.

A line AB parallel to OO’ is displaced to AB’ through an angle, ϕ,
called the angle of shear. This is an example of pure shear as
there is no change in either length or radius of the cylinder.
We can calculate the twisting couple on the co-axial cylinder of
radius OB(OB = x ) and
integrate the expression between the limits , x=0 and x=R to obtain
the magnitude of the twisting couple on the cylinder.



We can write from the geometry of the figure,

Now, the cross sectional area of the layer under consideration is 
2πx dx, If F is the shearing force, then the shearing stress T is 
given By,

(1)

(2)

If,ϕ is the angel of through which the layer is sheared then the rigidity 
modulus is,modulus is,

From Eqn (1)

After substituting for T, Eq(2) becomes

Moment of the force about OO’

This  is regarding only one layer of the 
cylinder.



Twisting couple acting on the entire cylinder, 

Couple per unit twist C is given By,

(3)



Expression for Time period of Torsional Pendulum Oscillation

Torsional Oscillation: A set up which a rigid body is suspended by a 
wire clamped to a support, and the body executes to and from turnings 
motions with the wire as its axis, is called torsional pendulum, and the 
oscillation called as Torsional Oscillation.

As per the theory of vibrations, the time period of oscillation T for a 
Tosional pendulum is given by, 

(4)

Where I is Moment of inertia of rigid body about the axis and C is the 
couple/unit twist for the wire. 

And C is given by 



Bending of Beams:

A  beam is a structural member whose length is very large compared to other dimensions.

Neutral axis

A  beam is a structural member whose length is very large compared to other dimensions.

Consider a beam fixed at one end and loaded at the other end. Due to the applied force, a 
force of reaction is set up at the fixed end of the beam.  These two equal and opposite 
forces constitute a  couple which tends to rotate the beam.  Since the beam is elastic a 
restoring couple is set up to bring the beam back to equilibrium.

The moment of the restoring couple is called bending moment of a beam. 



Expression for the bending moment of a beam 

Let  ABCD be a section of the beam. EF is the neutral axis.  Under the 
action of the external couple, the section will bend into an arc 
without any change in length of neutral axis.  
The upper filaments will undergo extension and A’B’  > AB.                                                                   
The lower filaments will be subjected to compressive stresses and 
C’D’ < CD .
The beam is bent into an arc of a circle of radius ‘R’ with the center 
at O.  

Consider a small portion of the neutral axis, ef, subtending an angle 
θ at the center.  a’b’ is another small portion of the filament , a’b’ θ at the center.  a’b’ is another small portion of the filament , a’b’ 
which is at a distance z, from the neutral axis. 

In the absence of bending,
ef = R θ  
and a’b’ = ( R+z ) θ         

Strain in the filament,  

If  δA is the area of the filament  a’b’ , which is at a distance z from 



If  a is the area of the filament  a’b’ , which is at a distance z from the neutral axis and 
Y is the Youngs modulus, 

Moment of this force about the neutral axis = F *its distance from neutral axis

The bending moment of the beam is obtained by summing over the moments of all 
the filaments above  and below the neutral axis 

Bending moment 



Expression for bending moment : 
Bending moment is dependent on momentum of Inertia so based on the momentum of 
inertia and momentum of inertia is depends on shape.

i. Bending moment for a beam of rectangular  cross-section

ii. Bending moment for a beam of circular Cross-section

Where, b and d are the breadth and thickness of the beam respectively.

Types of Beams
1. Cantilever Beam
2. Simple Beam
3. Overhanging
4. Fixed Beam
5. Continuous Beam





Applications of beams 

1. In the fabrication of trolley ways

2. In the chassis/frame as truck beds

3. In the elevators

4. In the construction of platform and bridges.

5. As girders in the buildings and bridges.



Expression for Young's Modulus of a cantilever 

Consider a uniform beam of length L fixed at A. Let a load W act on the beam at B. As a 
result, the beams bends as shown in fig.result, the beams bends as shown in fig.
Consider a point P on the free beam at a distance x from the fixed end which will be at a 
distance of (l-x) from B. Let P’ be its position after the beam is bent.

Bending moment= Force X Perpendicular distance

But bending moment of beam is given by 

Now 
(1)



But, if y is  the depression of the point P then it can be shown that,

Where, R is the radius of the circle to which the bent beam becomes a part. Comparing eqs
1 & 2,

(2)

(3)

Integrating the above equation both sides

When x =0, it refers to 
the tangent drawn at 
A, where it is horizontal.



Integrating the above equation both sides

(4) When x =0, it refers to 
the tangent drawn at 
A, where it is horizontal.

At the end loaded end, y=y0 and x=l

Depression produced at the loaded end isDepression produced at the loaded end is

The Young’s modulus of the material of the cantilever 

Where


