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Characteristics of SHM
1. Oscillation frequency is identical to Natural

Frequency.
2. Its particular type of periodic motion.
3. The oscillating system should have inertia which

in turn meansmass.
4. There is constant restoring force continuously4. There is constant restoring force continuously

acting on the body.
5. The acceleration developed in the motion due to

the restoring force is directly proportional to the
displacement with opposite sine.

6. It is represented by a simple sine or cosine
function



Examples of SHM

SIMPLE HARMONIC 
MOTION

SPRING MASS 
SYSTEM

VIBRATIONS OF 
ATOMS N A 
MOLECULE



Differential equation of motion for SHM
Let a body be initiated to an oscillatory motion after being displaced from its
equilibrium position and left free. For such oscillation, the lonely force acting
on the body will be the restoring force F.

And its given by

Where x is the displacement and k is force constant

If m is the mass of the body, then as per Newton’s second law of motion

Substitute F valueSubstitute F value

The above equation represents the equation of the motion for a body executing free 
oscillation and the solution for the above equation is given by

Where a is amplitude, ω is angler frequency and t is the time.



Mechanical Simple Harmonic Oscillator

We consider a mechanical spring which resists compression / elongation to be
elastic. At the lower end of the spring, a body of mass m is attached. Mass of
the spring is neglected .When the body is pulled down by a certain distance x
and then released, it undergoes SHM. When there are no external forces, the
oscillations are said to be free oscillations. The mass oscillates with its
natural frequency.

The motion of a mass m attached to a spring follows a linear differentialThe motion of a mass m attached to a spring follows a linear differential
equation.

Force constant and its physical Signification (k)
Force constant is a measure of stiffness. In the case of springs, it
represents how much force it takes to stretch the spring over a unit
length. Thus, springs with larger value for force constant will be
stiffer. It is called spring constant and sometimes even as stiffness
factor.



Period and Frequency of oscillation:

Let the mass be released free from the applied force. Then the 
mass begins to move up and down and oscillate vertically. Then 
the time period (T) of oscillation of mass spring system is given 
by,

The frequency of oscillation f (v) is,The frequency of oscillation f (v) is,

The angular frequency of oscillation ω is, given by 



• A mass 0.5 kg causes an extension 0.03 m in a 
spring and the system is set for oscillations.

1. Force constant k of the spring,

2. Angular frequency2. Angular frequency

3. Period of the resulting oscillation.



SPRINGS IN SERIES SPRINGS IN PARALLEL
Two or more springs are said to be in Series 
when they are connected End-to-End.

Two or more Springs are said to be in 
Parallel when they are connected side by 
side.

Any External Force “F” (Stress) applied to 
the combination gets applied to each spring 
without change in magnitude.

Stress of Combination is the sum of 
Individual Stresses.

Amount of elongation of the ensemble Strain of the Combination is the Common Amount of elongation of the ensemble 
(strain) is the sum of the elongations of the 
individual springs.

Strain of the Combination is the Common 
Strain.

Eg's: In Cars (Suspension Systems) Eg's: In Study of Hooke's Law



• Consider two spring with spring constants where 'k1' , 'k2', 'ks '  are the 
spring constants of the first, second spring(s), and the combination 
respectively,

• On displacing them from the equilibrium position, they will experience 
displacement 'x1' and 'x2' respectively, while the full system experiences a 
displacement of '(x1 +x2)'.

• Therefore, from Hooke's Law, the Force experienced is

ks
x1x1

x2

x 1
+x

2

Substitute the value of x1 and x2

Removing the common factor –mg and rearranging, we have 

which is the Force Constant 
for Springs in Series!



• Consider two spring with spring constants where 'k1' , 'k2', 'kp '  are the 
spring constants of the first, second spring(s), and the combination 
respectively, but now connected in PARALLEL.

• Now here, BOTH the springs are touching the block and thus, both are 
compressed in equal measures, i.e,

So, the force on the block is,

Thus, on comparing the above two expressions, we can write,

Which is Force Constant for Springs in Parallel!



1. Evaluate the resonance frequency of a spring of 
force constant 1974 N/m, carrying a mass of 2 kg.

2. An automobile of mass 2000kg is supported by 4
equal shock absorbing springs. It executes underequal shock absorbing springs. It executes under
damped oscillations of period 0.8 second when
bumped. Evaluate the force constant of the shock
absorber. Also, evaluate the period of oscillation
when four persons each of weight 60 kg board
the automobiles.



3. A free particle is executing simple harmonic 
motion in a straight line with a period of 25 
seconds, 5 seconds after it has crossed the 
equilibrium point, the velocity is found to be equilibrium point, the velocity is found to be 
0.7m/s. Find the displacement at the end of 
10 seconds, and also the amplitude of 
oscillation.



4.In the two mass spring system shown in the
figures K1=2000N/m, K2=1500 N/m,
K3=3000N/m, K4=K5=500 N/m. Find m such
that system has a natural frequency of 10 Hz
in each of the cases.







Derivation for Damped vibrations (Decaying Amplitude)

Consider a body of mass m executing vibration in a resistive medium. The
vibration are damped due to the resistance offered by the medium.

Since the resistive force are proportional to the velocity of the body and act in
a direction opposite to its movement,

We can write,

Where, r is the damping constant, and dx/dt is the velocity of the body.

The vibrating body is constantly acted upon by a restoring force whose

(1)

The vibrating body is constantly acted upon by a restoring force whose
magnitude is proportional to the displacement

The Net force acting on the body is the resultant of the two forces and is
given by the sum of the forces

As per Newton’s second law of motion, the body’s motion is given by

(2)

(3)

(4)



From Eqs (3) and (4) 

Rearranging the equation 

(5)

This is the equation of motion for damped vibrations.

Dividing throughout by m, we get, 

(6)

We have Let

Then Eqs (6) becomes
(7)

Let the solution of the above equation be 

Where, A and α are constants

Differentiating with respect to t, we get

(9)

(8)



Differentiating again with respect to t, we get

(10)

Substituting Eqs. 8, 9 and 10 in Eq. 7

Or, 

Or, 

For the above equation to be satisfied, either x=0 or  

The standard solution of the above quadratic equation is given by,

(11)

Substituting for α in Eq. 8, the general solution can be written as, 

We have the two roots so the above equation can be 

Where C and D are constant to be evaluate.

(12)



Let the time be counted from the maximum displacement position for which the value of 
displacement be x0.

here t=0, when x= x0

Then equation (12) becomes

At maximum displacement position, the body will be just reversing its direction of motion 
and hence will be momentarily at rest. Therefore its velocity is zero.  Or dx/dt=0
Now differentiating Eqs(12) and equating to Zero, then we can write

(13)

(14)

Since t=0, when dx/dt=0, then above equation will be

(15)



Then Adding Equation (14) and (15)

Subtracting Equation (15) and (14)

Substituting the value of C and D in Eq (12) 



As t varies, x also varies. But the nature of variation depends upon the term
Then three possible domains of variation are 

1.                             Over damping or dead beat case

2.                             Critical Damping Case

3.                             Under damping Case



OVERDAMPED 
OSCILLATION

CRITICALLY DAMPED 
OSCILLATION

UNDERDAMPED 
OSCILLATION

Amplitude of oscillation Amplitude of oscillation 
decreases EXPONENTIALLYdecreases EXPONENTIALLY
(maximum time)(maximum time)

Amplitude of oscillation Amplitude of oscillation 
decreases EXPONENTIALLY decreases EXPONENTIALLY 
but at a rate faster than but at a rate faster than 
overdampedoverdamped

Amplitude of oscillation Amplitude of oscillation 
decreases with time along decreases with time along 
with the oscillationswith the oscillations





Forced Vibrations
It is the steady state of sustained vibrations of
body vibrating in a resistive medium under the
action of an external periodic force which acts
independently of the restoring force.

The external force continuously 
supplies energy to the oscillator supplies energy to the oscillator 
and hence aids motion.

The oscillator in general oscillates 
with a frequency different from 
natural frequency.

Amplitude of oscillations remains 
constant when steady state is 
achieved.



Examples for forced oscillation 



Expression for forced vibrations (Amplitude factor)

Consider a body of mass m executing vibration in a damping medium acted upon by an
external periodic force F sinpt, where p is the angular frequency of the external force. If x
is the displacement of the body at any instant of time t, the damping force which acts in
a direction opposite to the movement of the body and the restoring force which is also
acting on the system.
So net force acting on the body is the resultant of all the three forces.

(1)

As per Newton’s second law of motion, the body’s motion is given by

(2)

From Eqs (1) and (2) 

Rearranging the equation 

This is the equation of motion for forced vibrations.



Dividing throughout by m, we get, 

(3)

We have Let

Then Eqs (3) becomes

As per the procedures followed to solve differential equations

(4)

As per the procedures followed to solve differential equations
Let the solution of the above equation be 

(5)

Where, A and α are unknown and need to find. 

Differentiating with respect to t, we get

(6)

Differentiating again with respect to t, we get

(7)



Substituting Eqs. 5, 6 and 7 in Eq. 4

The right side of the above equation can be written as,

Substituting in Eq. 8 and simplifying we get

(8)

By equating the coefficients of sin (pt- α) from both sides, we get 

Similarly By equating the coefficients of cos (pt- α) from both sides, we get 

(9)

(10)

Squaring and adding Eqs. 9 and 10, we get



or

The above equation represents the amplitude of the forced vibrations.

Substituting for A in Eq. 5, the general solution can be written as, 

(11)

i. Phase of forced vibration  

Dividing eq. (10) by Eq (9), we get

(12)

The phase α of the forced vibration is given by

(13)

Where p is frequency of applied force and ω is angular frequency.



Dependence of amplitude and phase 
on the frequency of applied force

As p is varied, we have the following 3 broadly 
classified responses of the oscillating system. 

a. p<<ω:  then p2 will be very small,

The amplitude will be,

Phase α is given by,

Since p is very small,

Since, α ≈0, the displacement and force will be in the same phase.



b. p=ω

The amplitude will be,

For p=ω, 

Phase α is given by,

Since, α = 90˚, it indicates that the displacement has a phase lag of 90˚ with
respect to the phase of the applied force.



c. p>>ω
This case has significance only when the damping force are small, i.e., b is very small

For p>>ω, 

The amplitude will be,

As p keeps increasing, A becomes smaller and smaller.

Since, b is very small, Since, b is very small, 

Phase α is given by,

Since, b is very small, And 

As p becomes larger, the displacement develops a phase lag that approaches 
the value 180˚ with respect to the phase of the applied force.



1. A free particle is executing simple harmonic 
motion in a straight line with a period of 25 
seconds, 5 seconds after it has crossed the 
equilibrium point, the velocity is found to be equilibrium point, the velocity is found to be 
0.7m/s. Find the displacement at the end of 
10 seconds, and also the amplitude of 
oscillation.



2. Evaluate the resonance frequency of a spring of 
force constant 1974 N/m, carrying a mass of 2 kg.

3. An automobile of mass 2000kg is supported by 4
equal shock absorbing springs. It executes underequal shock absorbing springs. It executes under
damped oscillations of period 0.8 second when
bumped. Evaluate the force constant of the shock
absorber. Also, evaluate the period of oscillation
when four persons each of weight 60 kg board
the automobiles.



4. A body of mass 500 gm is attached to a spring
and the system is driven by an external
periodic force of amplitude 15N, an frequency
0.796 Hz. The spring extends by a length of0.796 Hz. The spring extends by a length of
88mm under the given load. Calculate the
amplitude of oscillation if the resistance
coefficient of the medium is 5.05 kg/s. Ignore
the mass of the springs.



5. A 20 gram oscillator with natural angular 
frequency 10 rad/s is vibrating in damping 
medium. The damping force is proportional to 
the velocity of the vibrator. If the damping the velocity of the vibrator. If the damping 
coefficient is 0.17 kg/s, how does the 
oscillations decay?



6. A mass 2 kg suspended by a spring of force 
constant 51.26 N/m is executing damped 
simple harmonic oscillations with a damping 
of 5 kg/s. Identify whether  it is the case of of 5 kg/s. Identify whether  it is the case of 
underdamping or of overdamping.  Also 
estimate the value of damping required for 
the oscillations to be critically damped.



• An automobile of mass 2000kg is supported 
by 4 equal shock absorbing springs. It 
executes under damped oscillations of period 
0.8 second when bumped. Evaluate the force 0.8 second when bumped. Evaluate the force 
constant of the shock absorber. Also, evaluate 
the period of oscillation when four persons 
each of weight 60 kg board the automobiles.



Magnetic Resonance Imaging

Magnetic Resonance Imaging (MRI) is a wonderful tool that lets you see inside the 
body with amazing clarity. The best part is that it does this with no harmful radiation.









Frequency of Driving Force = Natural Frequency of the OscillatorFrequency of Driving Force = Natural Frequency of the Oscillator

p=ω

For p=ω, 

Here the amplitude depends inversely on b factor.Here the amplitude depends inversely on b factor.



 Two factors which affect the sharpness 
of resonance: b=0of resonance:

(1)Damping               (2) Amplitude
b=0

b=1

b=10

 When damping increases sharpness 
increases

 Sharpness increases when amplitude 
decreases or when applied frequency 
does not match with natural frequency







• A Helmholtz Resonator, consists of a rigid container of
known volume, nearly Spherical in shape, with a small neck
and hole in one end and a larger hole in the other end to
emit the sound.

• When air is forced into a cavity, the pressure inside
increases. When the external force pushing air into the
cavity is removed, higher pressure air inside will flow out.

• Due to inertia of moving air, the cavity will be left at a
pressure slightly lower than outside causing air to be drawnpressure slightly lower than outside causing air to be drawn
back in. This process repeats with the magnitude of the
pressure oscillations increasing and decreasing
asymptotically after the sound starts and stops.

• The neck of the chamber is placed in the external part of 
the ear allowing the experimenter to hear the sound and 
determine its loudness.

• The resonant mass of air is set in motion through the second 
larger hole which doesn't have a neck.



• Mathematically expressed as:
the square of the natural frequency of 
oscillation is inversely proportional to the 
volume of the resonator V.volume of the resonator V.

Where, K is the proportional constant.


